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Abstract. We establish the essential normality of a large new class of 
homogeneous submodules of the finite rank d-shift Hilbert module. The 
main idea is a notion of essential decomposability that determines when 
an arbitrary submodule can be decomposed into the sum of essentially 
normal submodules. We prove that every essentially decomposable sub- 
module is essentially normal, and using ideas from convex geometry, we 
introduce methods for establishing that a submodule is essentially de- 
composable. It turns out that many homogeneous submodules of the 
finite rank d-shift Hilbert module have this property. We prove that 
many of the submodules considered by other authors are essentially de- 
composable, and in addition establish the essential decomposability of a 
large new class of homogeneous submodules. Our results support Arve- 
son's conjecture that every homogeneous submodule of the finite rank 
d-shift Hilbert module is essentially normal. 



1. Introduction 

In this paper we establish new results in higher-dimensional operator 
theory that support Arveson's conjecture of a corresponence between alge- 
braic varieties and C*-algebras of essentially normal operators. Specifically, 
we prove the essential normality of a large new class of homogeneous sub- 
modules of the finite rank d-shift Hilbert module introduced by Arveson in 
|Arv98j . Our work provides a new perspective on Arveson's conjecture that 
every homogeneous submodule is essentially normal. 

For fixed d > 1, let Vd denote the algebra of complex polynomials in 
d variables C [zi , . . . , z^] . With the introduction of an appropriate inner 
product, Vd can be completed to a space of analytic functions on the complex 
unit ball called the Drury- Arveson space, which we denote by H^. The 
coordinate multiplication operators M^^ , . . . , M^^ , defined on Vd by 

(M^^p) {zi,...,Zd) = Zip{zi,...,Zd), P&Vd, l<i< d, 

extend to bounded linear operators on , and (M^^ , • • • , ) forms a con- 
tractive d-tuple of operators called the d-shift. The space ffj can be natu- 
rally viewed as a module over Vd, with the module action given by 

pf = p{Mz„. . . ,M,J /, peVd, fe Hi 
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Endowed with this module action, is called the d-shift Hilbert module. 

The d-shift and the d-shift Hilbert module are of fundamental im- 
portance in multivariable operator theory, and they have received a great 
deal of attention in recent years (see for example [Arv98] . |ArvOO] . |Arv02] . 
|Arv05] . [Arv07j . jPRSll] . |DRS12) . |Dou06] . [GWOSj . [Escll] . IShallQ . 

Let M be a submodule of so that M is an invariant subspace for each 
coordinate operator M^j, . . . ,Mz^. If we identify the quotient space HJ/M 
with the orthogonal complement M"*-, then we obtain a d-tuple of quotient 
operators (Ti, . . . , Td) by compressing the d-shift (M^^, . . . , M^^) to H^/M. 
Since the operators M^-i^, . . . , Mz^^ commute, the operators Ti,...,Trf also 
commute, and in fact, every commuting d-tuple of operators can be realized 
as a quotient of the d-shift in precisely this way, provided that one is willing 
to increase the multiplicity and consider vector-valued functions (see for 
example |Arv98j ). 

The quotient module H'^/M is said to be p-essentially normal if the self- 
commutators 

T*Tj-TjT*, l<i,j<d 

belong to the Schatten p-class for 1 < p < oo, where >C°° denotes the ideal 
of compact operators /C. We also obtain a d-tuple of operators {Si, . . . , Sd) 
by restricting the elements in the d-shift (M^^ , . . . , M^^) to M, and the 
module M is similarly said to be p-essentially normal if the self-commutators 

S*Sj-SjS*, l<i,j<d 

belong to CP foic 1 < p < oo. In fact, it turns out that these notions of 
essential normality are equivalent for d < p < oo - the submodule M is p- 
essentially normal if and only if the quotient module H'^/M is p-essentially 
normal (see for example |Arv05j ) . 

The purpose of this paper is to consider the essential normality of sub- 
modules of the d-shift Hilbert module H^, and more generally, the essential 
normality of submodules of the finite rank d-shift Hilbert module ^ C, 
obtained by tensoring with C" for finite r > 1. Note that elements in 
-ff J C can be viewed as analytic vector- valued functions on the complex 
unit ball. 

Arveson observed in |Arv02j that HJ (g> C is itself p-essentially normal 
for every p > d, and motivated by applications to multivariable Fredholm 
Theory, he asked whether every homogeneous submodule of the finite rank 
(i-shift Hilbert module, i.e. every submodule generated by homogeneous 
polynomials, is p-essentially normal for every p > d. 

There are many other reasons why this problem is of interest. For example, 
let / be an ideal of Vd generated by homogeneous polynomials, and let M 
denote the closure of / in H^. Then M is a homogeneous submodule of H^. 
Let {Ti, . . . ,Td) denote the d-tuple of quotient operators on H'^/M, and 
suppose that M is essentially normal. Arveson observed that in this case. 
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the C*-algebra generated by Ti, . . . , is commutative modulo the ideal of 
compact operators /C, and the sequence 

^ /C ^ C* (Ti, . . . , Td) ^ C (X) ^ 

is exact, where X is the projective algebraic variety defined by the common 
zeros of the ideal / (see for example |Arv02| and |Arv05| ) . Thus it is natural 
to expect some relationship between the operator-theoretic structure of the d- 
tuple (Ti, . . . , Td) and the geometric structure of X. For example, by results 
of Brown-Douglas-Fillmore in [BDF77], this exact sequence gives rise to an 
element of the K-homology of X. 

In |Arv05j . Arveson conjectured that his question from |Arv02) should 
have an affirmatie answer. That is, he conjectured that every homogeneous 
submodule of the finite rank d-shift Hilbert module is p-essentially normal for 
every p > d. This conjecture is now widely known as Arveson's conjecture. 

To date, Arveson's conjecture has been resolved only for certain classes of 
submodules. In [Arv05] . Arveson proved that every submodule of (8) 
generated by monomials, i.e. polynomials of the form z"^ • • • z^'* ^ for 
a = (ai, . . . , ad) in Ng and ^ in C, is p-essentially normal for every p > d. 
More recently, in |GW08j . Guo and Wang proved that every submodule 
of (8) C generated by a single homogeneous polynomial is p-essentially 
normal for every p > d. Additionally, they proved that for d < 3, every 
homogeneous submodule of is p-essentially normal for every p > d. 
However, none of these results apply to homogeneous submodules of ffJcgjC^ 
when d > 4 and the submodule is generated by two or more non-monomials. 

In this paper, we establish Arveson's conjecture for a large new class of 
homogeneous submodules of the finite-rank d-shift Hilbert module. This 
class includes many homogeneous submodules of HJ(>S>C^, with d arbitrarily 
large, that are generated by an arbitrary number of non-monomials. For 
example, we obtain the following result. 

Theorem 1.1. Let Fi,...,Fn be sets of homogeneous polynomials in Vd- 
Suppose that there are disjoint subsets of {zi, . . . , Zd}, each of 

size at most 2, such that 

FiCC[Zi], l<i<n. 

Let Xi, . . . , Xn be arbitrary sets of vectors in C" . Then the HJ (g) C^' sub- 
module generated by the set of vector-valued polynomials 

{p(S)^\peFi, ^£Xi, l<i<n} 

is p-essentially normal for every p > d. 

We obtain Theorem 1.1 as a special case of the following more broadly 
applicable result. 
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Theorem 1.2. Let Fi, . . . ,Fn be sets of polynomials in Vd that each gener- 
ate p-essentially normal submodules of H^. Suppose that there are disjoint 
subsets Zi, . . . , Zn of {zi, . . . , z^}, such that 

FiCC[Zi\, l<i<n. 

Let Xi, . . . , Xn be sets of vectors in C^. Then the (81 C submodule gen- 
erated by the set of vector-valued polynomials 

{p0^\peFi, ^EXi, l<i<n} 

is p-essentially normal for every p > d. 

More generally, we obtain Theorem 1.2 as an application of a new method 
for establishing the essential normality of a submodule of ffj CgC. First, we 
observe that if Mi , . . . , M„ are p-essentially normal submodules of iJj (8) C 
with the property that the algebraic sum Mi + . . . + M„ is closed, then the 
(g) submodule generated by Mi , . . . , M^ is also p-essentially normal. 
Reversing this argument tells us that if we want to prove the p-essential 
normality of a submodule M, then we should try to obtain a 

decomposition of M as M = Mi + . . . -|- M„, where Mi, . . . , M„ are p- 
essentially normal submodules of C. If such a decomposition exists, 
then we say that M is p-essentially decomposable. 

Note that by Guo and Wang's result on the essential normality of sub- 
modules generated by a single homogeneous polynomial, every homogeneous 
submodule of (g) can be written as a closed sum of essentially normal 
submodules. Therefore, the main difficulty in establishing essential decom- 
posability is to determine when, if ever, the algebraic sum Mi -|- . . . + M„ 
is closed. In order to overcome this difficulty, we use ideas of [BBL95j and 
[BGMIO] from convex geometry, and introduce a notion of angle between 
a family of submodules, along with a corresponding notion of cosine. The 
cosine c (Mi, . . . , M„) is a number between and 1 that measures the "sep- 
aration" of Ml, . . . , M„. If the angle between Mi, . . . , M„ is positive, i.e. if 
c (Ml, . . . , M„) < 1, then Mi -|- . . .+Mn is closed. From this perspective, the 
problem of establishing the essential normality of a homogeneous submodule 
M becomes a problem of calculating the angle between submodules of M. 

While this problem seems quite difficult in general, we prove that the 
angle is positive in many interesting cases using methods developed in the 
technical portion of this paper. In particular, our methods are sufficient to 
establish our main results on the essential decomposability, and hence the 
essential normality, of a large class of homogeneous submodules of (8) C. 
While many of the submodules in this class were not previously known to 
be essentially normal, our results also apply to submodules that have been 
considered by other authors. For example, our results imply the essential 
decomposability of submodules of (8 C" generated by monomials, and so 
we obtain a new proof of Arveson's main result in [ArvOSj . 
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In addition to this introduction, this paper has five other sections. In 
Section 2, we provide a brief review of the basic background material. In 
Section 3, we introduce the notion of essential decomposability. In Section 4, 
we discuss the notion of the angle between submodules and define the cosine 
function. We then relate these ideas to Shalit's stable division property from 
[Shall] . In Section 5, we introduce a notion of perpendicularity for a fam- 
ily of submodules that can be seen as a strengthened decomposability-type 
property. In Section 6, we establish the our results on essential normality. 

2. Preliminaries 

2.1. The d-shift Hilbert module. For fixed d > 1, let Vd denote the 
algebra of complex polynomials in d variables C[zi, . . . , z^]. For monomials 
in Vd, it is convenient to use the multi-index notation 

z° = z^l•••z°^ a = (ai,...,ad) G<. 

The Drury-Arveson space is the completion of Vd with respect to the 
inner product (•,•), defined on monomials by 

where we have written al = ail ■ ■ ■ a^! and \a\ = ai + . . . + ad for a = 
{ai, . . . ,ad) in Nq. By linearity, this inner product extends to arbitrary 
polynomials in Vd- For p and q in Vd of the form 

the inner product (p, q) is given by 



Let , . . . , denote the coordinate multiplication operators on Vd 
corresponding to the variables zi, . . . ,Zd respectively, 

M^^p = Zip, peHj, l<i<d. 

Then these operators extend to bounded linear operators on H^, and the 
d-tuple . . . , Mz^) is called the d-shift. 

The elements in can be identified with analytic functions on the com- 
plex unit ball, and can be viewed as a Hilbert module over the algebra 
of polynomials Vd, with the module action defined by 

pf = p (M,„ . . . , M,J /, peVd, fe Hi 

Endowed with this module action, is called the d-shift Hilbert module. 

The importance of the d-shift Hilbert module in multivariable operator 
theory was recognized by Arveson in his comprehensive treatment |Arv98] . 
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Let N denote the number operator, the unbounded self-adjoint operator 
defined on monomials in Vd by 

and extended to polynomials in Vd by linearity. Then the operator {N + 1)^^ 
extends to a bounded operator on H^, and the adjoints of the coordinate 
multiplication operators M*^ , • • • , M*^ act on by 

M:J = iN + ly' feHll<i<d, 

where we have written d (/) /dzi for the partial derivative of / with respect 
to the variable Zi . Let di, . . . ,dd denote the operators that act on Vd by 
partial differentiation with respect to the variables zi, . . . ,Zd respectively. 
Then restricted to Vd, we can write 

Ml = {N + 1)-^ di, l<i<d. 

The fact that the adjoint operators take this form is one reason for the 
importance of the d-shift. 

More generally, for a polynomial p in Vd, let Mp denote the operator on 
corresponding to multiplication by p, 

Mpf = pf, feHj. 

2.2. The finite rank d-shift Hilbert module. We will need to consider 
a higher multiplicity version of H^. For fixed r > 1, the d-shift Hilbert 
module of rank r, (g) C, is the Hilbert space tensor product of with 
the r-dimensional Hilbert space C^. Note that we could also realize -ffj (8>C^ 
as the completion of the algebraic tensor product Vd ® C"^ ■ We will follow 
|Arv07] and write rVd and rH^ for Vd 'S> C and (8) C respectively. 

Since the meaning will always be clear from the context, it will be conve- 
nient to also let , . . . , M^^ denote the coordinate multiplication operators 
on rH^, 

M,^{f®i) = zif®i, feHi eGC^ i<i<(i. 

The d-tuple (M^^, . . . ,Mz^) is called the d-shift of rank r. Note that cor- 
dinate multiplication operators on ri?| can also be realized as the tensor 
product of the coordinate multiplication operators on with the identity 
operator on C. 

The elements in ri?| can be viewed as vector-valued analytic functions on 
the complex unit ball, and rH^ can also be viewed as a Hilbert module over 
the algebra of polynomials Vd- In this case, the module action is defined on 
tensors in rffj by 

p(/0O=p(M.,,...,M,J(/®e), P^Vd, feHl ^ee, 
and extended to all of rH^ by linearity. 
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2.3. Essential normality. Let be a submodule of rH^. Then N is 
invariant for the coordinate multiphcation operators M^^ , • • • , M^^ on rHj , 
so we can consider the corresponding restrictions Si,...,Sd to N. The 
submodule is said to be p-essentially normal if the self-commutators 

S*S,-S,S*, l<id<d, 

belong to the Schatten p-class D' for l<p<oo. Ifp = oo, then we will say 
that A'' is essentially normal. 

If we identify the quotient space rH'j/N with the orthogonal complement 
N-^ , then we can also consider the compressions Ti, . . . ,Td of M^-^ , • • • , 
respectively to rH'^/N. The quotient module rH^/N is similarly said to be 
p-essentially normal if the self-commutators 

T*Tj-TjT*, l<i,j<d, 

belong to the Schatten class for 1 < p < oo. 

The p-essential normality of the submodule is equivalent to the p- 
essential normality of the quotient module rH'^/N by the following result of 
Arveson from Theorem 4.3 of [Arv05| . 

Theorem 2.1 (Arveson). Let N be a submodule of rH'j, and let Pjv de- 
note the projection onto N. Then for every p < d < oo, the following are 
equivalent: 

(1) A^ is p-essentially normal, 

(2) rH'^/N is p-essentially normal, 

(3) For 1 < i < d, the commutators Mz^Pn — PnMz^ belong to the 
Schatten p-class C'^^. 

In our work, we will mostly use condition (3) of Theorem 12. li 

3. Essential decomposability 

In this section, we will consider a notion of decomposability for a submod- 
ule that implies essential normality. Let A'^i, . . . , A^^ be submodules of rH^. 
Then we will write A^i -|- . . . -|- Nn for the (not necessarily closed) vector sum 

Ni + ... + Nn = {xi + ...+Xn\xieNiioi l<i<n}. 

Definition 3.1. Let A^ be a submodule of rH^. Then A^ is said to be p- 
essentially decomposable if there are p-essentially normal rH^ submodules 
Ni, . . . , Nn such that 

N = Ni + ... + Nn. 
If p = oo, then A^ is said to be essentially decomposable. 

Remark. Note that if A^ is a p-essentially normal submodule of rH^ , then it 
is trivially p-essentially decomposable. 
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Lemma 3.2. Let Ni,. . . ,Nn be submodules ofrH^ with corresponding pro- 
jections P/v^ , • • • , Pn„ ■ Then the vector sum A''i + . . . + Nn is closed if and 
only if the range of the operator P/v^ + . . . + i-*/v„ is closed. 

Proof. The proof of this result is a simple modification of the proof of Corol- 
lary 3 of |FW71| . Let T denote the operator on rH^ © ... © rH^ defined 
by 



T 



( Pm 









Then it's clear that 
Since 



V ... 

ran (T) = iVi + 



/ 



( (Pjv, + ... + Pivj'/' 





V 












\ 


/ 



+ Pl 



a/2 



it's also clear that 

ran [j'T*Y^'^ = ran {Pni + . 
But it is a simple consequence of Douglas' Lemma that 

ran(r) = ran (TT*)^/^ , 

and also that 

ran {Pn^ + • • • + Pn^) = ran {P^^ + . . . + Pn, 
Therefore, 

ran (PjVi + . . . + P^vJ = iVi + • • • + A^n, 
and it follows that the vector sum A'^i + . . . + is closed if and only if the 
range of Pn^ + . . . + P/v„ is closed. 



a/2 



□ 



Theorem 3.3. Every p-essentially decomposable submodule of rH^ is p- 
essentially normal. 

Proof. Let be a p-essentially decomposable submodule of rH^. Then 
there are p-essentially normal rH^ submodules A^i , . . . , Nn such that = 
A^i + . . . + Nn- Let P/v denote the projection onto A^. We will show that Pat 
2p-essentially commutes with each of the coordinate multiplication operators 
Mz^, . . . , M^^ on ri^J, i.e. we will show that 

M,^Pn - PnM,^ g C'^p, l<i<d, 

where C'^^ denotes the set of Schatten 2p-class operators on ifj. By Theorem 
12. 1^ this will imply the desired result. 
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Let , • • • , Pn„ denote the projections onto A''!, . . . , Nn respectively. Ap- 
plying Theorem 12.11 again, the p-essential normality of A^i, . . . , Nn implies 
that each of these projections 2p-essentially commutes with Mz-^, . . . , Mz^, 

(3.1) Mz^Pn^ - Pn.Mz, G l<i<d, 1 < j < n. 

Let X = PjVi + • • • + Pn„- Then Lemma [3.21 implies that X has closed range 
N, and (|3.ip implies that 

(3.2) XMz^ - Mz^X G C'^P, l<i<d. 

These two facts now allow us to proceed as in the proof of Theorem 4.4 of 
[ArvOTj . 

Since X has closed range, there is a complex contour T enclosing the 
nonzero portion of the spectrum of X such that the interior of T has positive 
distance from 0. Furthermore, since X is positive, and since the range of X 
is A^, we can write the projection P/v as 

where, Rx is the resolvent Rx = (A — X)^^ for A in T. For each 1 < i < d, 
a simple calculation gives 

Mz^Rx - RxMz^ = Rx (XM,, - M.^X) Rx, 

so that we can write 

(3.3) Mz^Pn - PnMz^ = l-j^R^ (XM,, - Mz^X) Rx dA. 

By (I22D, the function 

X^Rx {XMz, - Mz^X) Rx, A € r 

is a continuous function from P into the Banach space C"^^. Hence by (|3.3|) . 
the commutator M^-Pn — Pn^Zi is the Riemann integral of a continuous 
£^^'-valued function, and it follows that Mz..Pn — Pn^^^ belongs to C'^^ . 
Therefore, by Theorem 12.11 N is p-essentially normal. □ 



4. The angle between submodules 

4.1. A notion of angle. In this section, we consider a notion of angle 
between a family of submodules. Let Ni, . . . , be submodules of rH^. 
Motivated by the results in Section [3l our goal is to quantify how far the 
vector sum A''i + . . . + Nn is from being closed. 

For the case of two submodules, we recall the classical definition of angle 
introduced by Friedrichs in |Fri37j . For r > 1 , let A^i and be submodules 
of rH^. The cosine c {Ni,N2) is the cosine of the (Friedrichs) angle between 
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Ni and N2, 

c{Ni,N2) 



sup 



\{X1,X2)\ 
\\xi\\ \\X2\\ 



/ Xl G iVi n (iVi n N2) 



/ X2 G iVa n (^1 n N2y 



A generalization of the cosine function for an arbitrary number of subspaces 
was considered by Bauschke, Borwein and Lewis in |BBL95j . While their 
definition captures many of the desirable properties of the cosine function 
for two subspaces, it has the disadvantage of depending on the order that the 
subspaces are presented. In this paper, we will instead consider a refinement 
of their ideas due to Badea, Grivaux and Muller in [BGMIO] that removes 
this dependency. 

It is known (see for example |Deu95j ) that c(A'^i,A'^2) = c(^N^,N2~). 
Hence by a simple application of De Morgan's Law, we can write 

1(2:1, 2:2)1 



c(iVi,iV2 



sup 



l^^lll 112^21 



/ Xl G A^i n (A^i V N2) 



7^ X2 G A^2 n (^^1 V iV2 



Badea, Grivaux and Muller observed that we can rewrite this as 

c{Ni,N2) 

(xi,X2) + {X2,xi) 



sup 



I l|2 , II ii2 

Fill + IIX2II 



/ (xi,X2) G x^^i (at^ n (A^i V 7V2)) 



and this observation led them to develop their generalization of the cosine 
function. Here we specialize their definition to the case of submodules of 
vHl 

Definition 4.1. Let A'^i, 

the rH^ submodule 



,Nn be submodules of rH^, and let denote 
iVi V . . . V 7V„. The cosine c{Ni,..., iV„) is 



ciNi,...,Nn) 



sup 



1 SiT^j ^i) 



/ (xi, . . . ,x„) G X 



i=l 



If c (A^i, . . . , Nn) < 1, then we will say that the angle between the submod- 
ules A^i , . . . , Nn is positive. 

Remark. This definition of the cosine given here differs slightly from the 
defnition in [BGMlO] . The value c{Ni, . . . , Nn) is actually the cosine of 
N^, . . . , in [BGMlO] . This change is motivated by the next result. 

Proposition 4.2. Let Ni, . . . , Nn be submodules of rH^ with corresponding 
projections P/Vj , . . . , Pn^ ■ Then the following conditions are equivalent: 
(1) c{Ni,...,Nn) < I, 



ESSENTIAL NORMALITY AND DECOMPOSABILITY 



11 



(2) the vector sum A'^i + . . . + is closed, 

(3) the operator P/v^ + . . . + Pjy^ has closed range. 



Proof. (2) <;=^ (3) The fact that A'^i + . . . + A^^i is closed if and only if 
PtVi + . . . + has closed range is Lemma 13.21 

(1) <^=^ (2) The fact that c (A''i, . . . , A^^^) < 1 if and only if the vector sum 
iVi + . . . + iV„ is closed fohows from Theorem 4.1 of [BGMIO] . □ 



The following result from Proposition 3.7 of [BGMIO] gives an alternative 
formula for the cosine function. 

Proposition 4.3. Let Ni, . . . , Nn be submodules ofrH^ with corresponding 
projections P^i , ■ ■ ■ , Pn^ ■ N denote the rH^ submodule N = NiV . . .y 
Nn, and let Pj^± denote the projection onto N-^. Then 



(4.1) ciNi,...,Nn) 



n 



n 



1 



n 



{P^^ + ... + P^^)-P, 



N 



n 



1 



In general, it seems very difficult to calculate the exact value of the cosine 
function. However, we can do this in certain special cases, as the next 
example illustrates. 

Example 4.4. Let Ni, N2, denote the submodules generated by 
the polynomials zi, Z2, respectively. Let denote the submodule 
N = Ni V N2 V N3, and let Pn^, Pn2, Pn^, Pn denote the projections onto 
Ni, N2, N3, N respectively. We will calculate the value of c{Ni, N2, N3) us- 
ing the formula (14. ip from Proposition 14.31 

First, it's clear that {Pni + Pn2 + ^A^a) = z\ and P/vZi = z\. Hence 



c(iVi,iV2,iV3) > 



'Pn^ + Pn2 + Pnz ) zx - Pnzi 



3 
2 
3 
2 
1 

2' 

Next we will show that c (A^i, A^2, N^) < 1/2. 

We will see in Section [5] that the projections P/v^ , Pn2 ■, Pn^ commute. 
Hence by properties of commuting projections, we can use the inclusion- 
exclusion principle to write 

(4.2) 

and 



Pn = Pn, + Pno + Pi 



N2 



N3 



Pni Pn2 



PniPns 



PN2PN3+PmPmPi 



NiJ^'^N2^N3 



(4.3) PN2VN3 = Pn2 + Pns — Pn2Pn3- 
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Together (jOjl and (113]) give 

-PtVi + Pn^ + Pns -Pn = Pn^ Pn2 + Pn, Pn^ + Pn^ Pn-, - Pn, Pn^ Pn^ 

= Pn, {Pn2 + Pn; - Pn2 Pn, ) + Pn2 Pn, 

= PN1PN2VN3 + PN2nN3 



P 



'Nin{N2VN3) + PN2nN3, 



which means that we can write 
(4.4) l(P^^+P^^+P^J-_, ^ 

Since Ni n {N2 V iV3)and N2 Ci are submodules of N. 



_ 1 , .2 
Pn = - (PNin{N2VN3) + PN2r\N3) — '^^n- 



P 



Nin{N2VN3) 



+ Pl 



N2nN3 



(4.5) 

Therefore, ()4.4p and ()4.4p imply that 



Pn {PNir\{N2VN3) + PN2nN3) ■ 



-{Pn,+ Pn2+ PN3) - Pn 



o {PNin{N2\/N3) + PN2nN3) 



< 



< 



ip 



'Nir\{N2\/N3) + PN2nN3 



Hence by Proposition 14.3 

c{NuN2,Ns) 



< 



3 
2 
1 

2' 



and it fohows that c (A^i, iV2, A^s) = 1/2. 

In this paper, we will mostly be concerned with determining when the 
angle between a family of submodules is postive. The following result from 
Proposition 4.6 of |BGM10] implies that this question can be reduced to a 
computation using the classical definition of cosine due to Friedrichs. 

Proposition 4.5. Let Ni, . . . ,Nn be submodules of rH^. If 

c{Niy . . .V Nk-i,Nk) < I, l<k<n, 
then c{Ni, . . . ,iV„) < 1. 



Using results from [BBL95j , we can give another simple criterion implying 
that the angle between a family of submodules is positive. 



Proposition 4.6. Let Ni, 



, Nn be submodules of rH^ and let N = Ni\/ 



...yNr,. Let P, 



ATjL , . . . , 



Pn± , Pn denote the projections onto , . . . , A'^^ , 



ESSENTIAL NORMALITY AND DECOMPOSABILITY 



13 



respectively. Then c (Ni, . . . , N^) < ^ if and only if 



(4.6) 



< 1. 



Proof The quantity ()4.6p is the definition of the cosine of , • • • , from 
|BBL95j . Therefore, by Theorem 3.7.4 of |BBL95j . (lilHl) holds if and only if 
the subspace A'^i + . . . + Nn is closed, and the result follows from Proposition 
3 □ 



4.2. The stable division property. The stable division property was in- 
troduced by Shalit in [Shallj . in connection with Arveson's essential nor- 
mality conjecture. The notion of stable division is also of independent in- 
terest, since it concerns the numerical stability of multivariable polynomial 
division. The following definition has been generalized slightly to apply to 
non-principal submodules. 

Definition 4.7. Let A'^i, . . . ,Nn be submodules of rH^, and let denote 
the vHj submodule = iVi V . . . V iV„. The family {A^i, . . . , iV„} is said 
to have the stable division property if there is a constant C > such that, 
for every polynomial p in A^, there are polynomials pi, . . . ,p„ in A^i, . . . , A^„ 
respectively such that 

Pi + ■■■+Pn=P 

and 

\\pif + ... + \\pif<C\\pf. 
The constant C is said to be a stable division constant for {A^i, . . . , A„}. 

The next result was discovered at the suggestion of Orr Shalit. It estab- 
lishes a connection between the ideas in this paper and Shalit's work on the 
stable division property in [Shallj . 

Theorem 4.8. Let Ni,...,Nn be submodules of rH^. Then the family 
{Ni, . . . , A^„} has the stable division property if and only if c{Ni, . . . , A^^) < 
1. 

Proof. First, suppose that c{Ni, . . . , Nn) < 1. Let A^ denote the ri^J sub- 
module A^ = A^i V . . . V A'„. Then by Proposition A^ = A^i . . . + A^n- 
Therefore, if we define the operator T : A^i © . . . © Nn N hy 



T(xi, . . . ,Xk) = Xi + . . . + Xn, (xi, . . . ,Xn) € A^ 1 © . . . © A, 



then T has closed range A^. In particular, the restriction S of T to the 
orthogonal complement of the kernel of T is invertible. Fix x in A^, and let 
{xi, . . . , Xn) = S~^x. Then T (xi, . . . , x„) = x, meaning that 

X\ ~t~ . . . ~t~ Xn — X^ 

and 

llxill^ + ... + llXnlf = \\{X1, . . . ,Xn)\f = ||5'"-^x||^ < H^^-^H^ . 
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Hence the family {A^i, . . . , A''^} has the stable division property with stable 
division constant HS^"*^]!^. 

Now suppose that the family {A^i, . . . , Nn} has the stable division property 
with stable division constant C > 0, and let = iVi V . . . V as before. 
Fix X in N and let iPk)'kLi be a sequence of polynomials such that 

X = lim Xk- 

By the stable division property, for each A; > 1 there are polynomials 
Pfc.i) • • • ,Pk,n such that pf^ i & Ni ior 1 < I < n, and such that 

Pk,i + ■■■ +Pk,n = Pk 

and 

\\Pk,l\\^ + . . . + \\Pk,n\\'^ < C \\pk\f . 

For each 1 < / < n, the sequence (pfc,i)fcLi is clearly bounded, and by passing 
to a subsequence we can assume that it is weakly convergent to some xi in 
Ni. Then for all y in rH^, 

{x - {xi + . . . + Xn) ,y) = lim {pk - {pk,i + • • • + Pk,n) , y) = 0, 

k—^oo 

implying that x = xi + . . . + x„, and hence that x belongs to A^'i + . . . + Nn. 
Since x was an arbitrary element in N, it follows that = A'^i + . . . + Nn- □ 

Applying Theorem 14.81 to an example from [Shall] provides an example 
of a family of submodules that is not separated by a positive angle. 

Example 4.9. Let A'^i and A'2 denote the submodules generated by the 
polynomials pi and p2 respectively, where 

Pl {zi,Z2,Z3) = zl + Z2Z2, 
P2 {Z1,Z2,Z3) = z\. 

In Example 2.6 of [Shall j it was shown that the family {A^i, A^2} does not 
have the stable division property. Hence by Theorem 14.81 c{Ni,N2) = 1. 

However, let Ki, K2, K^, denote the submodules of if| generated by 
the polynomials qi,q2,Q3,Q4 respectively, where 

qi {zi,Z2,zs) = z\ 

q2 {zi,Z2,Z3) = zfz2 

q3 {zi,Z2,Z3) = zf + Z2Z3 

qi {zi,Z2,Zs) = z\. 

Then it was also shown that 

A^i V A^2 = i^i V K2 V ATs V A:4, 

and the family {K\^K2^K-i^K^ has the stable division property. Hence by 
Theorem IMI c (Ki, K2, i^3, i^4) < 1- 
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Shalit proved in Theorem 2.3 of |Shallj that many famUies of homo- 
geneous submodules of have the stable division property. However, 
consideration of Shaht's proof reveals that it actually implies the follow- 
ing stronger result. (For background material on Groebner bases, see, for 
example }CLS92j .^ 

Theorem 4.10 (Shalit). Let Ni, . . . , Nn be submodules of generated by 
homogeneous polynomials pi, . . . ,pn respectively. Suppose that {pi, . . . 
is a Groebner basis, and suppose that there is a subset Z of {zi, . . . , z^}, of 
size at most 2, such that 

Pi,... ,Pn G C [Z] . 
Then the family {Ni, . . . , Nn} has the stable division property. 

Applying Theorem 14.81 to Theorem 14.101 we obtain the following result. 

Proposition 4.11. Let Ni, . . . , Nn be submodules of generated by ho- 
mogeneous polynomials pi, . . . ,pn respectively. Suppose that {pi, . . . is 
a Groebner basis, and suppose that there is a subset Z of {zi, . . . , z^i}, of size 
at most 2, such that 

Pi,... ,Pn £C[Z]. 

Then c{Ni,...,Nn) < 1. 

The following example demonstrates that Proposition 14.111 does not gen- 
eralize to polynomials in three or more variables. 

Example 4.12. Let A'^i and N2 denote the submodules generated by 
the polynomials pi and p2 respectively from Example 14.91 Then {pi,P2} is a 
Groebner basis with respect to the lexicographical monomial ordering, but 
we saw in Example 14.91 that c{Ni,N2) = 1. 

In the recent paper [Escllj , Eschmeier introduced a property of a family of 
polynomials in connection with Arveson's essential normality conjecture that 
is closely related to the stable division property. In particular, Eschmeier's 
property is implied by the stable division property, and hence a connection 
to the ideas in this paper is implied by Theorem 14.81 

5. Perpendicular submodules 

5.1. Perpendicularity. In this section we consider a property of a family 
of submodules of rH^ that implies the family is separated by a positive 
angle. 

Definition 5.1. Let A''i, . . . , Nn be submodules oirH^. The family {Ni, . . . , Nn} 
is perpendicular if 

(5.1) Ni n {Ni n Nj)^ _L Nj n {Ni n Nj)^ , l<i<j<n. 
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Proposition 5.2. Let Ni, . . . , Nn be submodules of rH^ with corresponding 
projections P^i , • • • , Pn„ ■ Then the family {Ni, . . . , A^^^} is perpendicular if 
and only if the projections -P/v^ , • • • , -P/v„ commute. 

Proof. We recall the simple fact that if P and Q are projections with range 
ran (P) and ran (Q) respectively, then P and Q commute if and only if 

ran (P) n (ran (P) fl ran (Q))"^ -L ran {Q) n (ran (P) n ran (Q))"^ . 

Therefore, the result follows immediately from Definition 15.11 □ 

Ken Davidson pointed out that the following result is well known to re- 
searchers that have worked with CSL (commutative subspace lattice) alge- 
bras. 

Lemma 5.3. Let {Ni, . . . ,Nn} be a perpendicular family of submodules of 
rHj, and let Ki, . . . , Km be subspaces contained in the subspace lattice gen- 
erated by Ni, . . . , Nn. Then {Ki, . . . , K^} is also a perpendicular family of 
submodules ofrH^. 

Proof. It's clear that Ki, . . . , are invariant for the coordinate multipli- 
cation operators on rHj, and hence that they are submodules of rH^. Let 
Pni, • • • 1 Pn„ denote the projections onto A^i, . . . , A''^ respectively. Then by 
Proposition 15.21 these projections commute. 

Let I be a subset of {1, . . . , n}, let L and M denote the rH^ submodules 

L = \/Ni, M = /\Ni, 

and let Pl and Pm denote the projections onto L and M respectively. Then 
by properties of commuting projections, the projection Pl can be written 
using the inclusion-exclusion principle as 

i=i jci jej 

\J\=i 

and the projection Pm can be written as 

Pm=IIPn,. 

*G|/| 

In particular, this implies that the projections Pl and Pm are polynomials 
in the commuting projections P/Vj , . . . , Pn„ ■ 

Let Pftfj , . . . , PKm denote the projections onto Ki, . . . , Km respectively. 
Since these submodules can be constructed by iterating the above construc- 
tions of L and M, it's clear that the projections Pki, ■ ■ ■ , PRm are also 
polynomials in the commuting projections P/v^, . . . ,P/v„. Therefore, the 
projections Pru ■ ■ ■ , ^Iso commute, and it follows from Proposition 15.21 
that the family {Ki, . . . , Km} is perpendicular. □ 
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Proposition 5.4. Let Ni,. . . ,Nn be suhmodules ofrH"^ such that c {Ni, . . . , Nn) = 
0. Then the family {A'^i, . . . , Nn} is perpendicular. 

Proof. Let N denote the rH^ submodule = A'^i V . . . V A^„. Then since 
c (A''i, . . . , Nn) = 0, it fohows from Definition 14.11 that 

(5.2) N^^ nN ± N^^ DN, l<i<j<n, 
and since 

NiVNjCN, l<i,j<n, 
it follows from (15. 2p that 

(5.3) N,^ n {Ni V Nj) _L nJ- D {Ni V Nj) , l<i<j<n. 
Notice that by De Morgan's Law, 

m V Nj = (iV^ n iV/)^ , 1 < ij < n. 
Hence we can rewrite 15.31 as 

(5.4) Nr-r\[Ntf^Nj-y^N^r\[Nt^Nj-y, l<i<j<n. 

Let Pni , • • • , Pn„ denote the projections onto A^i, . . . , A^^^ respectively, and 
let Pjyx , . . . , P]\f± denote the projections onto N^, . . . , N^ respectively. Then, 
as in the proof of Proposition l5.21 ()5.4p implies that the projections P^x , • • • , P/yx 

1 ^ 

commute, and hence that the projections Pni, • • • j -fW„ commute. Therefore, 
the result follows from Proposition 15.21 □ 

It's clear from Definition 14.11 and Definition 15.11 that if A'^i and are 
submodules of rHj, then c {Ni,N2) = if and only if the family {A'^i, is 
perpendicular. It is tempting to speculate that this statement generalizes to 
larger families of submodules, however, as the following example illustrates, 
this is not the case. 

Example 5.5. Let Ni, N2, N3 denote the submodules generated by the 
polynomials zi,Z2, Z3 respectively from Example 14.41 We will see in Section 
15.21 that the family {A'^i, -^3} is perpendicular, however by the calcula- 
tions in Example [Ol c{Ni,N2,N3) = 1/2. 

However, the following result implies that every perpendicular family of 
submodules is separated by a positive angle. 

Proposition 5.6. Let {Ni, . . . , Nn} be a perpendicular family of submodules 
ofrHl Then c{Ni,...,Nn) < 1. 

Proof. Let P/v^, . . . , P/v„ denote the projections corresponding to A''i, . . . , Nn 
respectively. Then since {A^i, . . . ,Nn} is perpendicular. Proposition 15.21 im- 
plies that these projections commute. It follows that the operator P/v^ + 
. . . + P]sf^ is contained in the convex cone generated by a finite number of 
orthogonal projections, and hence that it has closed range. Therefore, the 
result follows by Proposition 14. 2[ □ 
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5.2. Criteria for perpendicularity. In this section, we will consider cri- 
teria for a family of submodules to be perpendicular. 

Lemma 5.7. Let Ni, . . . , A^^^ be submodules of H^, and for 1 < i < n, let 
Pii, . . . ,pimi be polynomials that generate Ni. If the operators 

M„-, M* +... + M„- M* , l<i<n. 
commute, then the family {Ni, . . . ,Nn} is perpendicular. 

Proof. Let P/v^ , • • • , -P/v„ denote the projections onto A^'i , . . . , Nn respectively. 
Then for 1 < i, j < n, P/v- and Pnj are the range projections of the op- 
erators M.^.M^*^ + . . . + M^^^M;^^^ and M^^.M;^^ +... + M,^^M;^^^ 

respectively. In particular, the projections P/v-and P/v^ are contained in 
the von Neumann algebra generated by Mp-^M*._^ + . . . + Mp.^ M*_^ and 
Mp.^M*._^ + . . . + Mp.^,M*^^ . Since these latter operators are self-adjoint, 
and since they commute, this von Neumann algebra is commutative. There- 
fore, the projections P/v- and Pnj also commute. Since i and j were arbitrary. 
Proposition 15.21 implies that the family {A^i, . . . , Nn} is perpendicular. □ 

To apply Lemma 15.71 we will require an identity of Guo and Wang from 
|GW08j . Before presenting the identity, it will be convenient to introduce 
some special notation for operators that are related to the number operator 
N defined in Section 12.11 For a function / : Z — > Z, let [/ (N)] denote the 
(potentially unbounded) self-adjoint operator defined on monomials in Vd 
by 

[/(iV)]z" = /(|«|)z°, aG< 

and extended by linearity to polynomials in Vd- Then, for example, re- 
stricted to Vd, we can write the adjoints of the coordinate multiplication 
operators M*^ , . . . , M*^ on Hj as 

1 



m: 



di, I < i < d, 



_N + l_ 

where di, . . . ,dd denote the operators that act on Vd by partial differentia- 
tion in the variable zi, . . . ,Zd respectively. If the operator [/ (A^)] happens to 
extend to a bounded operator on Hj, then we will also write [/ (N)] for this 
extension. Recall that for a polynomial p in Vd, we write Mp to denote the 
operator on Hj corresponding to multiplication by p. If p is homogeneous 
of degree n, then it is easy to check that, restricted to Vd, we can write 

[fiN)]Mp = Mp[fiN + n)]. 

These facts, combined with the general Leibniz rule 

5" (pq) = (fl (d'^'^p) (^^) ' « e p, g e Vd, 

/3<a 



ESSENTIAL NORMALITY AND DECOMPOSABILITY 



19 



where d" = da^ ■ ■ ■ da^ , lead to the foUowing identity of Guo and Wang from 



Proposition 5.8 (Guo- Wang Identity). Let p and q be homogeneous poly- 
nomials in Vd of degree m and n respectively. Then 

N\{N + m- n)\ 



{N + my.{N -n - \a\)l 



We will apply Proposition 15.81 to determine when the hypotheses of Propo- 
sition 15.71 hold. 



Lemma 5.9. Let p and q be homogeneous polynomials in Vd of degree m 
and n respectively. Then 



MpM*MqM* - MgM*MpM* 



E 



aGNg\{0} 



{N-my.jN-ny. 
N\{N-m-n-\a\y. 



Proof. The Guo- Wang identity from Proposition 15.81 gives 



1 r 



N\(N+m-ny. 
{N+my.{N-n-\a\y. 



{N-my.{N-ny. 

N\{N-m-n-\a\y 



Mo^gMpM^M^^j, 



_ r (jV--m)!(Af-n)! 
~ |_ Nl(N-m-ny 

ami\{o} 

Applying Proposition 15.81 again gives 
(5.5) MpU; 



MgMpM*M; 

(N~my.{N-ny. 
N\{N-m-n-\a\y 



MQc^gMpM^M^^p. 



(Af+n)!(jV-m)! 
Nl{N+n-my 



M*Mp 



{N+ny{N-my 
N\{N+n-m)\ J a 
/3GNg\{0} 



1 



y - 



N\{N+m~ny. 



(Ar+m)!(Af-n-|/3|)! 



Note also that 
(5.6) 



(Af+n)!(jV-m)! 
Af!(Af+n-m)! 



N\{N-n-my. 
{N-ny.{N-my 



Mg. 



It follows from (15.51) and (15.61) that 
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{N-my.{N-ny. 
N\{N-m-ny. 



M,MpM*M; 
= MgM^MpU; 



/3gN;;\{o} 



N\{N+n-my. 
(Ar+n)!(Af-m+|^|)! 



Mg,pM*Q,gM; 



MgM*MpM; 



y - 



/3gN,';\{0} 



(Af-n)!(jV-m)! 
Ar!(7V-n-m+|/3|)! 



Hence 



MpM^MgM* - MgM*MpM; 



E 



QeN;*\{o} 



(N-my.jN-ny 
Af!(Af-m-n-|al)! 



[MpMocgM^^pM* - MgMo^pM^^gM;) 



□ 



Lemma 5.10. Let p and q be homogeneous polynomials in Vd of degree m 
and n respectively. Then MpM* and MgM* commute if and only if the 
operator 

{N-my.{N-ny. 



y - 

aGN^\{0} 

is self-adjoint. 



N\{N -m-n- |a|)! 



MpM9.gM*QcpMl 



Proof. This follows immediately from Lemma [5.9l using the observation that 
for a in Nq, 

MpMQcgM^^pM* - MgM9^pM*Q^gM; 

= MpHgc^gM^^pM* - {MpMa^gM^^pM^y . 

□ 

Lemma 5.11. Let p and q be homogeneous polynomials in Vd of degree m 
and n respectively. Then MpM* and MgM* commute if each operator 

MpMacgM*a^pM*g , a G {0} 

is self-adjoint. 



Proof. This follows immediately from Lemma l5.10i 



□ 



Lemma 5.12. Let p and q be linear polynomials in Vd- Then the operators 
MpMp and MgM* commute if and only if either p = q or p J- q. 
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Proof. Write the polynomials p and q as 

p{zi, . . . ,Zd) = aizi + . . . + adZd 
q{zi,...,Zd) = hzi + . . . + bdZd- 



Then 
(5.7) 



T - 



{N ~m)\{N -n)\ 
N\{N -m-n-\oL\)\ 



aeNg\{0} 



Sr^ \ {N-mN-l) 
[ Nl(N-3)l 



aAMpM* 



1=1 



(Af-l)!(Af-l)! 
Af!(Af-3)! 



It's clear that the operator (j5.7|) is self-adjoint if p = q. On the other hand, if 
p ^ q, then the operator MpM* is not self-adjoint, and hence the expression 
in ()5.7p is self-adjoint only if {p, q) = 0. Therefore, the result follows by 
Lemma 15.101 □ 

Lemma 5.13. Let z^ and z^ he monomials in Vd for A and /x in N;J. Then 
the operators M^xM*^ and M^mM*^ commute. 

Proof. For a in Ng, 



where 



z^ {d°'z^) = c^z^'^^^'^""'^ ■ ■ ■ z'^'^~^^'^~°''^ 



( d 

Aii (^j - 1) • • • (^i - ai + l) if Ui < fjii for 1 < i < d, 

i=l 

otherwise. 



Similarly, 
where 



(^d'^z^'^ = cxz 



( d 



CA = < 



Aj (Aj — 1) • • • (Aj — ai + \) if < Aj for 1 < i < d, 

i=l 





otherwise. 

Let V = (Ai + fii — ai, . . . , \d + lid — ^d)- Then 







otherwise. 



In particular, this operator is self-adjoint. Therefore, by Lemma 15.111 the 
operators M^\M*x and Mzi^M^^^ commute. □ 

Lemma 5.14. Letp and q be homogeneous in Vd in distinct variables. Then 
the operators MpM* and MqM* commute. 
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Proof. Since p and q are polynomials in disjoint variables, for every a G 
Nq\ {0}, at least one of d'^p and d°'q must be zero, and hence at least one of 
Mgap and Mgcg must be zero. Therefore, MpAIgagMgapM* = 0, and hence 
by Lemma 15.111 it follows that MpM* and MqM* commute. □ 

5.3. Perpendicular submodules. In this section, we will establish the 
perpendicularity of many families of submodules of using the criteria 
from Section 15. 2[ 

Proposition 5.15. Let Ni,...,Nn be submodules of that are gener- 
ated by mutually orthogonal sets of linear polynomials Fi, . . . , respectively. 
Then the family {Ni, . . . , N^} is perpendicular. 

Proof. This follows immediately from Lemma 15.71 and Lemma 15.71 □ 

Proposition 5.16. Let Ni, . . . ,Nn be submodules of each generated by 
monomials. Then the family {A^i, . . . , Nn} is perpendicular. 

Proof. This follows immediately from Lemma 15.71 and Lemma 15.131 □ 

Proposition 5.17. Let Ni, . . . , Nn be submodules of generated by sets 
of homogeneous polynomials Fi, . . . , F„ respectively. Suppose that there are 
disjoint subsets Zi, . . . , Z„ of {zi, . . . , Zd} such that 

FiCC[Zi\, l<i<n. 

Then the family {Ni, . . . , Nn} is perpendicular. 

Proof. This follows immediately from Lemma 15.71 and Lemma 15.141 □ 

We can substantially strengthen Proposition 15.171 using results of Carlini 
and Reznick. The following result is Lemma 3.1 in |Rez93| . 

Proposition 5.18 (Rez93). Let pi, . . . ,pn be homogeneous polynomials in 
Vd ■ If the sets 

ja^api I \a\ = deg {pi) - 1, a G N;5} > 1 < « < 

are mutually orthogonal, then there is a unitary change of variables such 
that the polynomials pi, . . . ,pn are polynomials in disjoint variables. 

The following result is Proposition 1 in |Car06] . 

Proposition 5.19 (Car06). Let pi, . . . ,pn be homogeneous polynomials in 
Vd- If the sets 

jVpi {z)\ze C^} , l<i<n, 

are mutually orthogonal, where Vp denotes the gradient of p, then there 
is a unitary change of variables such that the polynomials pi,...,pn are 
polynomials in disjoint variables. 

We immediately obtain the following two results. 
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Proposition 5.20. Let Ni, . . . , be submodules of generated by sets 
of homogeneous polynomials Fi, . . . ,Fn respectively. If the sets 

(p) I \a\ = deg (p) - 1, a G N;^, p G Fi} , I < i < n, 

are mutually orthogonal, then the family {Ni, . . . ,Nn} is perpendicular. 

Proposition 5.21. Let Ni, . . . , be submodules of generated by sets 
of homogeneous polynomials Fi, . . . , F„ respectively. If the sets 

|(Vp)(A) I AgC^ pGF,}, l<i<n, 

are mutually orthogonal, then the family {Ni, . . . ,Nn} is perpendicular. 

5.4. Perpendicularity and tensor products. The results obtained in 
Section [5^2] and Section [5T3l only apply to submodules of H^. Because we also 
need to consider higher-rank submodules of rH^ , in this section we consider 
the stability of the angle between a family of perpendicular submodules of 
with respect to taking tensor products. 

Theorem 5.22. Let {Ni, . . . , Nn} be a perpendicular family of submodules 
of H'j, and letVi, . . . F„ be arbitrary subspaces ofC^. Let Mi, . . . , M„ denote 
the rHj submodules 

Mi = Ni(S)Vi, l<i <n. 
Thenc{Mi,...,Mn) < 1. 

Proof. Let Pn^ , • • • , Pn„ denote the projections onto Ni, . . . , Nn respectively, 
let El, ... , En denote the projections onto Vi, . . . ,Vn respectively, and let 
Pmi, ■ ■ ■ Pm„ denote the projections onto Mi,...,M„ respectively. Then 
it's clear that 

Pm, =PN,®Ei, l<i< n. 
We will prove that the operator 

Pa/i + • • • + Pm^ 

has closed range. By Proposition 14.21 this will imply the desired result. 

We proceed by induction on n, the size of the family {A^i, . . . , A'^^}. For 
n = 1, the result is trivially true. Therefore, suppose that n > 2 with the 
induction hypothesis that the result is true for a perpendicular family of 
submodules of Il\ if the size of the family is at most n — 1. 

Let Qo, . . . , Qn denote the projections onto ri?J defined by 

Qo = Pn^---Pn„^I 
Qi = P^^®I 

Q2 = Pn.Pn^^^I 



Qn = Pn,---Pn„.,Pn„^^- 
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Since the family {A''i, . . . , A^^^} is perpendicular, Proposition 15.21 implies that 
the projections Pn^ , ■ ■ ■ , Pn„ commute, and hence that the projections Qo, . . . ,Qr, 
also commute. It's also clear that 



(5.8) QiPM,=PM,Qu l<i,3<n. 
Furthermore, by construction the projections Qq, . . . ,Qn are orthogonal, 

(5.9) QiQj = 0, 0<i<j<n, 
and we can decompose the identity operator on rH^ as 

(5.10) I = Qo + Qi + Q2 + ... + Qn- 
Therefore, by (|5.8p . (|5.9p and (|5.10p . we can write 

(5.11) p^,^ + ... + p,,^ = (j^Q^j (j2PA4}j (^^Q^j 

n n 
i=0 j=0 

Now, for i < j < n, 

QoPm, = {Pm ■■■Pn^(^I) {Pn, ^ Ej) 
= P/Vi • • ■ -Pw„ ^ Ej 
= Qo{I(^ Ej) , 

and this gives 

(n \ n 

Y^Pm, =QoY.{I(^Ej). 

By a similar calculation, for 1 < i < n, 

Q,Pm^ = (^Pn, ■ ■ ■ PN^_,Pi ® l) (Pn, ® E,) 

= Pn, ■ ■ ■ Pn,-iPn,Pn, ^ Ei 
= 0, 

and this gives 

n n 
(5.13) Q^Y,PM,=Q^Y,PMy 

i=i i=i 
Let Xq denote the operator on rH^ defined by 

n 

Xq = l0YEj, 
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and let Xi , . . . , Xn denote the operators on C defined by 

n 

Xi = J2PMj^ l<i<n. 

Then by the induction hypothesis and Proposition l4.2l the operators Xq, . . . , X, 
each have closed range, and by (IS.llj) . (I5.12p and (15.130 . we can write 

PMi + . . . + Pm„ = QqXo + . . . + QnXn- 

Since the operators Xq, . . . , Xn commute with the projections Qq, . . . , Qn, it 
follows that the operators Qo-'^O) • • • ^Qn^n each have closed range. There- 
fore, since the projections Qq, . . . ,Qn are orthogonal, this means that we 
have written Pmi + . . . + Pm^ as the direct sum of n + 1 operators that 
each have closed range. It follows that the range of this operator is also 
closed. □ 

6. Essential normality 
6.1. Essential normality and perpendicularity. 

Lemma 6.1. Let N be a p- essentially normal submodule of H^, and let V 

be an arbitrary subspace of C. Then the rH^ submodule N ® V is also 
p-essentially normal. 

Proof. Let P/v and E denote the projections onto and V respectively. Let 
M = N CSiV , and let Pm denote the projection onto M. Then it's clear that 

Pm = Pn®E. 

By Theorem l2.lt the p-essential normality of implies that the projection 
P/v 2p-essentially commutes with the coordinate multiplication operators 
M^,,...,M^^ on H% i.e. 

M,^Pn - PnM,^ g C'p, l<i<d, 

where denotes the set of Schatten 2p-class operators on H^. Recall from 
Section 12.21 that we can write the coordinate multiplication operators on 
rHl as /, . . . , M^^ ® /. Hence for 1 < i < d, 

(M,^ /) Pm - Pm (M,^ ® I) = (M,, /) {Pn E) - (Pn ® E) (M,^ /) 

= {M,Tn-PnM,,)®E(-C^p, 

since E is a. finite rank projection. Therefore, by Theorem 12. H M is 2p- 
essentially normal. □ 

Theorem 6.2. Let {Ni, . . . , Nn} be a perpendicular family of p-essentially 
decomposable submodules of H'j, and let Vi, . . . Vn be arbitrary subspaces of 
C. Let Ml, . . . , Mn denote the rH^ submodules 

Mi = Ni^Vi, 1 <i <n, 
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Then the rH^ submodule Mi V ... V M„ is also p-essentially normal. 

Proof. By Lemma [6. 11 the submodules Mi, . . . , Mn are j?-essentially normal. 
Let M denote the rHj submodule M = Mi V . . . V M„. By Theorem [OH 
c (Ml, . . . , Mn) < 1, and hence by Proposition g^l M = Mi + . . . + M„. 
Therefore, M is p-essentially decomposable, and hence by Theorem 13.31 ^ 
is p-essentially normal. □ 

6.2. Essential normality. In this section, we establish our main results 
on the essential normality of homogeneous submodules of rHj. 

We will require Guo and Wang's result, Theorem 2.2 from |GW08| . about 
the essential normality of singly generated homogeneous submodules. 

Theorem 6.3 (Guo- Wang). Every submodule ofrH^ generated by a single 
homogeneous polynomial is p-essentially normal for every p > d. 

The next result is well known. It was proved, for example, by Shalit in 
|Shall| . using his results on stable division. The methods introduced here 
provide a new proof. 

Theorem 6.4. Every submodule of generated by linear polynomials is 
p-essentially normal for every p > d. 

Proof. Let be a submodule of generated by linear polynomials pi, . . . ,pr 
in Vd ■ By applying the Gram-Schmidt process if necessary, we can assume 
that the set {pi, . . . ,pn} is orthogonal in H^. Let Ni,. . . ,Nn denote the 
submodules generated by pi, ... ,pn respectively. Then Theorem 16.31 im- 
plies that these submodules are each p-essentially normal for every p > d, 
and Proposition 15.151 implies that the family {A^i, . . . , Nn} is perpendicular. 
Note that N = NiV . . .V Nn. Hence by Theorem 16. 2^ N is also p-essentially 
normal for every p > d. □ 

The next result is new. It establishes the essential normality of submod- 
ules of rH^ that are generated by certain linear polynomials. We note 
Arveson's result from |Arv07] that the problem of the essential normality of 
homogeneous submodules of rHj is equivalent to the problem of the essential 
normality of submodules of rH^ generated by arbitrary linear polynomials. 

Theorem 6.5. Let Fi, . . . , F„ be mutually orthogonal sets of linear polyno- 
mials, and let Xi, . . . ,X„ be arbitrary sets of vectors in C^'. Then the rH^ 
submodule generated by the set of vector-valued polynomials 

(6.1) {p0^\peFi, ^eXi, l<i<n} 

is p-essentially normal for every p > d. 

Proof. Let A''i , . . . , Nn denote the submodules generated by Fi , . . . , F„ re- 
spectively, and let Vi, . . . ,Vn denote the subspaces spanned hy Xi, . . . , Xn 
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respectively. Let M denote the rH^ submodule generated by the set (16. 
and let Mi , . . . , M„ denote the rffj submodules 

Mi = Ni®Vi, l<i<n. 

Then Theorem 16.41 implies that each of the submodules A'^i , . . . , Nn is p- 
essentially normal for every p > d, and Proposition 15.151 implies that the 
family {Ni, Nn} is perpendicular. Note that M = Mi V ... V M„. Hence 
by Theorem 16.21 M is also p-essentially normal for every p > d. □ 

The next theorem is Arveson's main result from [Arv05j . Shalit also gave 
a proof of this result in [Shall j using his results on stable division. The 
methods introduced here provide a new and simple proof. Recall that a 
monomial of rH^ is an element in rVd of the form z" ® ^ for some a in Nq 
and ^ in C. 

Theorem 6.6 (Arveson). Every submodule ofrH^ generated by monomials 
is p-essentially normal for every p > d. 

Proof. Let be a submodule of rH^ generated by monomials, say z"^ 
^1, . . . , z"" (g) in rVd for ai, . . . , in Nq. Let A'"i, ... ,Nn denote the 
rH^ submodules generated by , . . . , -z"" respectively, and let Vi, . . . ,Vn 
denote the one-dimensional subspaces of C spanned by ^i, . . . respec- 
tively. Then Theorem 16.31 implies that the submodules A'l , . . . , Nn are p- 
essentially normal for every p > d, and Proposition 15.161 implies that the 
family {A^i, . . . , Nn} is perpendicular. Note that A^ = A^i V . . . V Nn. Hence 
by Theorem 16.21 A^ is also p-essentially normal for every p > d. □ 

Recall Shalit 's result from [Shall] that a submodule generated by poly- 
nomials in two variables has the stable division property. Shalit used this 
result to prove the next theorem that these submodules are essentially nor- 
mal. However, starting from Proposition I4.1H we can also view Shalit's 
proof of the stable division property for these submodules as a method for 
establishing essential decomposability. In this case, the methods introduced 
here provide a new proof. 

Theorem 6.7 (Shalit). Let F be a set of homogeneous polynomials. Suppose 
that there is a subset Z of{zi, . . . , z^}, of size at most 2, such that F C[Z]. 
Then the submodule generated by F is p-essentially normal for every 
p > d. 

Proof. Let A^ denote the submodule generated by F, and let {pi, . . . ,pn} 
be a Groebner basis consisting of homogeneous polynomials that generates 
A^. Let A^i, . . . , Nn denote the submodules generated by pi, ... ,pn re- 
spectively. Then by Theorem 16.31 A^i , . . . , Nn are p-essentially normal for 
every p > d. Note that the polynomials pi, . . . ,pn belong to C [Z] . Hence 
by Proposition 14.111 c (A'l, . . . , A^„) < 1, and Proposition 14.21 implies that 
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= A'^i + . . . + Nn. Hence N is p-essentially decomposable for every p > d, 
and it follows from Theorem 13.31 that M is p-essentially normal for every 
p> d. □ 

The next result is new. It implies the essential normality of a large new 
class of submodules of rH^. 

Theorem 6.8. Let Fi, . . . ,Fn be sets of homogeneous polynomials that each 
generate p-essentially normal submodules of H^. Suppose that there are 
disjoint subsets Zi, . . . , Zn of {zi, . . . , z^} such that 

FiCC[Zi], 1 <i<n. 

Let Xi, . . . , Xn be arbitrary sets of vectors in C. Then the rH^ submodule 
generated by the set of vector-valued polynomials 

(6.2) {p(E)^\peF„ ^eX„ l<i<n} 

is p-essentially normal. 

Proof. Let A^^i , . . . , Nn denote the submodules generated by Fi , . . . , F„ re- 
spectively, and letVi,...,Vn denote the C subspaces spanned by Xi , . . . , Xn 
respectively. Let M denote the rH'j submodule generated by the set (|6.2p . 
and let Mi , . . . , Mn denote the rH'j submodules 

Mi = Ni^Vi, l<i<n. 

The submodules Ni, . . . , Nn are p-essentially normal by assumption, and 
Proposition l5.17l implies that the family {A'^i, . . . , Nn} is perpendicular. Note 
that M = Ml V ... V Mn ■ Hence by Theorem 16.21 M is also p-essentially 
normal. □ 

Replacing the use of Proposition 15.171 in the proof of Theorem 16.81 with 
Proposition 15.201 and Proposition 15.211 respectively, we immediately obtain 
the following strengthened results. 

Theorem 6.9. Let Fi, . . . ,F„ be sets of homogeneous polynomials that each 
generate p-essentially normal submodules of Hj. Suppose that the sets 

(p) I ja| = deg (p) - 1, a € N[f, p € i^} , l<i< n, 

are mutually orthogonal. Let Xi, . . . ,Xn be arbitrary sets of vectors in C. 
Then the rH^ submodule generated by the set of vector-valued polynomials 

{p0^\peF„ ^eXi, 1 < i < n} 

is p-essentially normal. 



Theorem 6.10. Let Fi,...,Fn be sets of homogeneous polynomials that 
(Vp) (A) I A G C^, p G Fi} , l<i<n. 



each generate p-essentially normal submodules of H^. Suppose that the sets 
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are mutually orthogonal. Let Xi, . . . , Xn be arbitrary sets of vectors in C. 
Then the rH^ submodule generated by the set of vector-valued polynomials 

{p(S)^\peFi, ^£Xi, l<i<n} 

is p-essentially normal. 

The next theorem fohows from a combination of the results above. 

Theorem 6.11. Let Fi, . . . ,Fn be sets of homogeneous polynomials in Vd. 
Suppose that there are disjoint subsets 0/ {zi, . . . , z^}, each of 

size at most 2, such that 

Fi<ZC[Zi], l<i<n. 

Let Xi, . . . ,Xn be arbitrary sets of vectors in . Then the (8) C^' sub- 
module generated by the set of vector-valued polynomials. 

{p0^\peFi, ^eXi, 1 < i < n} 

is p-essentially normal for every p > d. 

Proof. This follows immediately from Theorem 16.71 and Theorem 16. 8[ □ 

Example 6.12. For every even d > 1 and n > 1, let denote the -ffj 
submodule generated by the set of polynomials Pi, ■ ■ ■ ,Pd/2j where 

pi {zi, ...,zd) = z'^ + z^-^Z2 + . . . + ziz^-^ + 4 

Pd/2 izi,...,Zd)= + Z^Zlzd + ... + Zd-lZ^'^ + Z2 

Then Theorem 16.111 implies that N is p-essentially normal for every p > d. 
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